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A nonlocal continuum theory of liquid crystals is constructed to explain and predict the physical
behavior of liquid crystals under long range intermolecular forces. Balance laws consist of con-
servation of mass and microinertia, balance of momenta and energy. Constitutive equations are
given for the equilibrium and non-equilibrium parts of the stress, couple stress, free energy, en-
tropy and nonlocal body force and couple. Thermodynamic restrictions and material frame-indif-
ference are studied. The theory is valid for liquid crystals having arbitrary shapes (inertia). Pas-
sage is made to the thread-like molecules and to local theory. Applications are considered to
two-dimensional problems, steady, plane shear flows and dispersion of twist waves.

1 INTRODUCTION

It is well-known that the physical behavior of liquid crystals are affected by
distant intermolecular forces and couples, to a significant degree. Particularly,
for short time (high frequency) behavior and near rigid boundaries, the nonlo-
cal effects become dominant often superceding the local effects. The nonlocal
effects resulting from long range intermolecular forces and short time effects
were noted briefly by Oseen' and Foster, et al.? In the case of electromagnetic
(E-M) effects, the long range effects are even more important since E-M loads
are basically nonlocal in character.

Recent applications of nonlocal elasticity to several problems in fracture
mechanics and dislocation theory have shown that atomic and molecular scale
phenomena and high frequency behavior of materials can be predicted by
means of the nonlocal theory (cf. 3-6). In fact, it can be shown that atomic
lattice dynamics is included in the nonlocal theory.”® Encouraged with these
calculations, we present here a nonlocal theory for liquid crystals.

Essentials of the theory were elaborated, to some extent, in our work’® on
nonlocal micropolar continuum theory. However, constitutive equations of
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nonlocal micropolar fluids developed there must be extended to include the
effect of elastic twist (yx) and the variation of anisotropy with the motions of
molecular elements. In our previous work on local theory,' this latter effect
was realized by means of the microinertia tensor ji; of molecules in motion.

For liquid crystals having arbitrary molecular shapes, a single director is
not adequate to encompass material properties and one needs tensorial aniso-
tropy indicator as introduced in Ref. 10. In fact, this prediction is born out,
with the discovery of discotic liquid crystals.'"'? Therefore, here we developa
nonlocal theory of liquid crystals whose molecular elements may be of any
shape possessing arbitrary microinertia tensors.

In Section 2, we collect basic kinematical quantities and strain measures.
Section 3 gives the balance laws which are the same as those of micropolar
continua (cf. 9). Constitutive equations are developed in Section 4, where we
explore restrictions arising from invariance requirements under arbitrary
rigid motions of the spatial frame reference (objectivity) and the second law of
thermodynamics. The general theory so-developed is specialized for the addi-
tive functionals in Section 5. In Section 6, we indicate the passage to the direc-
tor theory which applies to liquid crystals with thread-like elements. The local
theory is included in the nonlocal theory when the internal characteristic
length (e.g. lattice parameter) approaches to zero (Section 7). In Section 8, we
discuss briefly the nature of nonlocal material moduli. Section 9 contains two
dimensional problems, steady plane shear flows and dispersion of twist waves.

The field equations of the nonlocal theory are nonlinear integropartial dif-
ferential equations. Even for simple problems, major difficulties exist in deal-
ing with these equations. However, we believe that nonlocal effects are promi-
nent in boundary layers near rigid walls, around sharp corners and in
classically discontinuous flow regimes. Therefore, it should be possible to es-
tablish approximate theories, or else proceed with computer aided programs,
to tackle these important problems.

2 KINEMATICS

In a micropolar continuum, a material point is considered to possess mass
density p and a microinertia tensor ji;. By its presence, jx; not only controls the
rotatory motions of the material points, but also the directional dependence of
material properties. The motion of a point is then equivalent to a rigid body
motion.

Referred to a set of rectangular coordinates, Xx, K = 1,2, 3, inthereference
state, a material point is characterized by its position vector X and a director £
attached to the point. The motion of X is described by the following two sets of
equations

xx = x(X,1), & = xxx(X,1)Ex 2.1)
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of which the first expresses the translatory motions of X and the second one its
rotations. The repeated indices are summed over 1, 2, 3. The inverse motions
are posited to be unique and given by

Xk = Xx(x,1), Ex = xxké (2.2)
where xxx = xxx is an orthogonal two-point tensor field so that
X,k XK1= 0u, XxiXeL = Oki,
K, Kk Xk L 2.3)

XkKXIK = Ok, XkkXiL = OkL

For a fluent body, by considering the relative configuration, at time ¢, we have
introduced the following strain measures: '

k= Xk Xix, Yot = § €kmn Xmx Xnk,1 (2.4)
and the rate of deformation tensors
A = ik + vrr, b = vy (2.5)
Here, v is the gyration tensor defined by
Vil = —€kimVm = XkKXIK = —Vik (2.6)

with e being the alternating tensor. Indices following a comma denote par-
tial differentiation and a superposed dot or D/Dt material time rate, e.g.

av axx . Dy v axe(X,1?
Vit = '—k, Xex = : sk = == + v, i = —M 2.7)
axi Xk Dt at ot

We have shown that xkk, yrrand v can be expressed in terms of an axial vector
&« and its material time derivative.'?

xkx = [cos @8u + (1 — cos ¢)nen — sin @ eximnm] ik, (2.8)
Y = ne + sin dne; — (1 — cos @) €kmnPmMn (2.9)
v = Audy (2.10)

where

ne = /b, & = (dei)"”
sin ¢ sin ¢

|
A = O + (l - )mm - '; (1 — cos @)eximnm (2.11)
Here, &ix is the direction cosines between the spatial and material frames.
When these frames coincide, 8ix becomes Kronecker delta.
We remark that for the continuum description of motions of micropolar

bodies, the ultimate desire is to determine the functions x (X, #) and xxx(X, 1).
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The directors Zx and § are *“internal variables,” affecting the directional
properties of micropolar bodies by means of the microinertia tensor ji/.

3 BALANCE LAWS

The balance laws of a nonlocal micropolar continua were obtained in Ref. 9.
For an inert body, these are of the form (in 0 — g):

Mass
p+pvk=0 3.1
Microinertia
I;L:I = JmVim = jimVim = 0 (3.2
Momentum
i+ p(fi—w)+pfi=0 3.3)
Moment of Momentum
Mk + €mntmn + p(hh — 01) + p(h — €mnxmfa) =0 3.9
Energy

—pé + twar + muby + gk + ph — pﬁv;,
— p(l — eumxifu)vc + ph =0 (3.5)

Entropy
. qx ph
pn——(—) ——=-pb=0 (3.6)
0/, 6
where
p = mass density Ok = spin inertia
Jxi = microinertia tensor vk = velocity vector
t = stress tensor v = gyration tensor
my; = couple stress tensor J1= body force density
¢ = internal energy density I = body couple density
1 = entropy density qx = heat vector
h = energy source 0 = absolute temperature
fx = nonlocal body force residual 1 = nonlocal body couple residual
5 = nonlocal entropy residual k = nonlocal energy residual

Equations (3.1) to (3.5) are, respectively, the local balance laws of mass, mi-
croinertia, momentum, angular momentum and energy and (3.6) is the ex-
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pression of the second law of thermodynamics. The spin inertia ox is defined
by

. D | , .
o= or Uktvt) = juvi — €mrjimvrvi 3.7

These laws are valid in the body (O — o) with material volume Vexcluding a
discontinuity surface o which may be sweeping the body with its own velocity.

The residuals carrying a hat () are the long-range effects of the distant
material points in the body to state of the body at the reference point x. They
are subject to

'l; {pf.pl,ph,pb}dv =0 (3.8)

of these, i‘andi respectively, represent the long-range gravitational forces,
and couples, while A and b the energy and entropy changes caused by the dis-
tant points of the body, at x. Generally, fand I are negligible as compared to
applied forces.

Associated with the balance laws (3.1) to (3.6), there exists a set of jump
conditions across ¢ which are not copied here. For these, see Ref. 9, pp. 212,
213.

Upon eliminating 2 between (3.5) and (3.6), we obtain the generalized Clau-
sius-Duhem (C-D) inequality:

. . 1 1 1
- %(ll' + 6n) + Etklakl + 2 miiby + r qx0,x

- % Sfove — %(Ik — €mXifm)vi + %’l —pb=20,V—-g¢ 3.9)

where ¢ is the Helmholtz free energy defined by
y=¢—0n (3.10)

This inequality is fundamental for the discussion of nonlocal thermodynamics
of micropolar bodies.
For future use, we also give the integral form of (3.2), as derived by Eringen:'*

Jt = Jxrxexxic (3.11)

where J; is the microinertia tensor at the natural state of the body. With this
result, it is clear that there is no need for the internal orientational directors Zx
in describing the macroscopic properties of the body. We only need the inertia
tensor associated with a material point. Naturally, when the shape of molecu-
lar elements are known, we obtain Jx, in the usual way by a volume integral
over the macrovolume element (or molecular element) involving internal posi-
tion vectors Zx within the element. For example, if we are dealing with dis-
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cotic liquid crystals whose molecular elements are flat hexagonal plates, we
can calculate Jx. of this element with respect to a set of rectangular coordi-
nates attached to its centroid with s pointing in the direction of the normal to
the flat surface.

From (3.11), it is also clear that the symmetry properties of liquid crystals
must be described by a tensor rather than a vector. In special cases, e.g. liquid
crystals having rod-like molecules), one may achieve simplifications based on
a vector descriptor since in such cases, Jx. possesses only two identical diago-
nal elements in the natural state. Although Jx; is always reducible to a diago-
nal matrix (generally with three non-identical entries) in a special (proper)
frame, the proper frames are in general different for different molecules, so
that such diagonalization is of no help in the description of the motion and in
the orientational properties. Moreover, this diagonalization does not imply
that the tensorial description based on jiis reducible to a vectorial description
based on a director concept.

Using (2.8) in (3.11), we obtain

Jui = Grimndmn (3.12)
where
Tmn = JunOmm8an s (3.13)
Giximn = €0S” @ Skmin + (cOS b — 05> ) (MkmBin + MiltnOkm)
+ (1 — cos @)’ nkninmn, — sin ¢ cos ¢ (exmr Ottty
~+ €inrOtmny) — sin ¢ (1 — cos ¢)(exkmeMinun,
+ €tttk mny) + sin® Gexmpeimnon,. (3.14)

Itis clear that Giimnis a function of ¢, hence yxx. Therefore, the orientational
changes of the molecular elements of the body with rotatory motions are fully
taken into account.

4 CONSTITUTIVE EQUATIONS

The state of nonlocal liquid crystals, at a point X at time ¢, is determined by
characterizing the following set of dependent variables:

Z = {tu,mu, g, U1, fro b, BB} 4.1

as functionals of certain independent variables that characterize the constitu-
tion of the body in motion. For the first order rate-dependent fluent bodies,
the independent variables were established by us, according to the axiom of
causality and objectivity (cf. 9, p. 250, 10).
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f =)= {p"", jkr, Vir, @k, bk1, 0", 0/},
g = g(x',x) = {Tu, @i} 4.2)

where a prime on quantities indicate that they are functions of x;and ¢; and Tk
and w; are defined by (see 9, p. 250):

Tit = €tim(Vin — Um), @k = Vi — v + 8 (X1 = X)) wik 4.3)

We note that all member functions listed in (4.2) are objective quantities, i.e.,
they transform as tensors under the time-dependent proper orthogonal trans-
formations of the spatial coordinates. Let X’ and x’ be two spatial frames that
differ from each other by a time-dependent rigid motion, i.e.

X' =Q()x +b(r), Xx=Q()x + b(z),
QQ'=Q'Q=1, detQ=1 (4.4)
Then we have
[ =10",Qi'Q7,Q¥' Q" det Q,Q2'Q",Qb'Q7 det Q,6.QV ')
2 ={QT'Q".Qa} 4.5)

The transformation of fis identical to that of f* without primes on the tensors.
The only difference between the set (4.2) and that of nonlocal micropolar
fluids (9, part I1I, Section 9) discussed by us in the inclusion of vk to the set
(4.2). For liquid crystals, this quantity is essential, since liquid crystals possess
resistance to twist.

Constitutive equations of nonlocal liquid crystals may be expressed in sym-
bolic form¥

Z=J[f.g.r.f], r=x—x (4.6)

which states that each member of (4.1) is a functional of all members of f*, g°,
and r’ and a function of f, where

F=rx)=1{p " jut» Y1kt 511,00, } “.7)

The response functional Fis scalar-valued for y, b and 4; vector-valued for g,
f, I; and tensor-valued for t and m.
Constitutive functionals are subject to

(i) The axiom of objectivity (material frame-indifference)
(ii) The second law of thermodynamics.

1 Note that x” and x are not objective but r’ is.
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The axiom of objectivity requires that
Trg e f1=T178.7: 1] (4.8)
where

F= {QtQ7, QmQ7 det Q, Qq, ¥, n, Qf, Qldet Q. 5 5} (4.9

The consequence of restrictions (4.8) is that cholesteric liquid crystals are hemi-
tropic. For the nematic liquid crystals we replace (4.4)s by det Q = £1andin
this case, (4.8) implies isotropy.+

We assume that the functions £, g’, r’ and fare continuously differentiable
with respect to their arguments and £’ and g’ belong to a Hilbert space JCin
which the inner product of two such sets of functions F; = {f1,g1,r1} and
F3={f%,g1,r3} are defined by

(Fi,F2)u =L H(|x' — xDFi(x'): Fa(x)dv(x') (4.10)

where
Fi-Fi=fi-fi+gi-ga+ri'n 4.11)

The influence function H(|x' — x 1) is a positive decreasing function of |x" — x|
such that H(0) = 1. For example, a function

H(|x' — x|) =exp{—alx’— x|}, a>0 (4.12)

serves perfectly for this purpose. Of course, many other possibilities exist and
are suggested by the atomic theory of lattices (cf. Eringen"’).

The influence function is in accordance with the attenuating neighborhood
hypothesis introduced by us.'® ' It is the result of the fact that intermolecular
attractions decay rapidly with distance.

The norm of F’1is given by (F',F")}*. According to a theorem of F. Riesz,
the Fréchet derivative of any functional F(f’) can be represented by

8F ) f 8F
roy=122Z ol = 2y ’ " 1T (4.
F (1) af,,n Bl Sy (X)) Q) dv(x), {f, Q'}eIC (4.13)

With this apparatus at hand, we can calculate the material time rate of the free
energy function ¢. Thus

py=F(f.g.v. f) 4.14)
o = F + Fvis (4.15)

1 In the sense of polar fluent materials.
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where we used (3.1). We havet

f L( —g'+§—rk+Fvu)dV' (4.16)
Y "

where dv' = a‘v(x ). For brevnty, we introduce two operators:

oF ‘\*
&F _oF (%) @i
6f of -o \8f’
[Gola=Go — (Go)* (4.18)
where an asterisk placed on parentheses indicate the interchange of x’and x, i.e.
(G(x',x))* = G(x,x') (4.19)
For brevity, we also introduce the following abbreviations:
6F
n=—
50’
3
o6F
Eld = — w0 — eMiryrt, EMu = )
Syn
ol =tk — glik, DMk = Mr — gMii, (4.20)
*
W nef 303 ) ]
r=——"—0 F=
op 6r£ ork
aF oF oF
£I er +— ]rm +— Ymr +— Yrm
i An a3y 3‘le
oF oF 6F oF
£lm = —_];m + _'];m +— 'Ymr + o, ‘Y’rm 4.21)
6] ;I 6] rl é 'er 0 Yri

We now carry out various differentiations to compute Fand use 3.1),(3.2)
and

Y& = b+ viryn + vievir — YieQr (4.22)
derived in our previous work.'® This gives

p¥ = n6 + stuaw + smubu — Feve

- Eklka{glm +L [glm (V1 - Vl)]d‘"}

+ The last term in the integrand of (4.16) is due to the fact that U is not a fixed spatial volume,
but a material volume.
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§F . . oF . L [ ( ) ] ,
0 — v dv
dau Sby 60 Owk Sk

*
— €kimbm —(x, — —dv'—ED 4.23
o ".l; [<m (a*rk) (= x) 5o .23

with D is defined by

6 6F
D L ["'—l o Wik + Fvix — 'Ykmalm +—bu+t Lhivi
’ Ovi Svir
F 6F
+6—'au+—bk1+—0'+ 0«
dai obk &6 56«
oF 6F
+ —vi + mVm 4.24
on "t T oy (*.29)

We note that because of the antisymmetry of Dis x and x’, we have the identity
1;_ Dav=0 (4.25)
Carrying (4.23) into (3.9), we obtain

. |
— (pn + n)8 + ptuan + pmubu + EQko,k

— (pfe + F)w — {P’k — PekimXifm — €kimEim
* 6F
- éklmL im + ——— (Vi — Vl)]dvl}lll;
-0 Sm
oF 8F . &F
— iy — — bu— 5,7;+\3,:£ ( )]dv’
day 6by 00, ka Sk

E 3
+ek,mme [ ( ) + (%}
—eL 6T 8T

We integrate this inequality over the volume 0 — o. This eliminates ph — 9
on account of (3.8) and (4.25). The resulting inequality is linear in the quanti-
ties 6, Vi, vk, Git, bir, Vi, v and 8¢, and therefore it cannot be maintained in one
sign unless the coefficients of these quantities vanish, i.e.

pN=-—n (4.27)

+oh—pob— D=0 (4.26)
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pfi=—F: (4.28)

*
ol = Eklm{pxlﬁn + L +1; (£im +

:f (v;—w))dv’} (4.29)

Wm
and
5F 5F 5F
— =0, —=0, 6 =0
bau Oby 60«

[z Ga) lar=o

*®
m —] +(xi =0 4.30
E“l; [a'rk, (an,) (o (4.30)
The entropy inequality (4.26) is now reduced to
1
ptuan + pMuby + 5 g8+ ph— pbb— D=0 (4.31)

To obtain implications of (4.30), it is necessary to find integrals of these equa-
tions, a task which appears to defy analytic treatment. If F is independent of
aki, bii, 0k, @k, Tiuand ax, bus, 6.k, (4.30) is satisfied automatically. Assuming
this is the case, we have

pY = F(p™" 0", v, yii, jki, 0", 0, var, ji) (4.32)
*

ol = eklm(pmﬁn + & + j; £§mdv') (4.33)

=12 ’ 6F ’ ’ 6F ’

9D 'L: [(s — p "ik + Fvix — By YimQim, + bk bk

a
+ Lhivi + — 0' + — vz] &' (4.34)

60’ ére A

The objectivity of F and D imply that the tensors

6F
Pu= &y +f (SSLI + 6_- rf) av,

k
Qu—f [£k,+—r S - (ifl)']dw (4.35)
ork

be symmetric tensors, i.e.

Pu= Py, Qu= Qu (4.36)
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From these and using (4.33), we obtain

ph = wm,l;—,,[éri (8/1‘) ]dv’ 4.37)

The conditions (3.8) on the residuals, fx and /k are now satisfied. With subsi-
diary conditions (4 36), D is objective.

Recalling that ¢ = ¢ + 011 + 011 we substitute € into (3.5) to obtain the
energy equation

- Pﬂé + ptuan + pmubi + quix + ph+ ph— D=0 (4.38)

To complete the constitutive theory, we need to write constitutive equations
for pt, pm, q, Aand b with h and b subject to (3.8). In the case of no heat conduc-
tion, 6 will be uniform throughout the body, and no need arises for the energy
equation (4.38). In this case, (4.31) may be integrated to give

L_ (ptuan + pmuby)dv =0 (4.39)
From this inequality and the continuity of functionals ptand pminaandb, it
also follows that

pt=pm=0 when a=b=0 (4.40)
throughout 0 — .

S ADDITIVE FUNCTIONALS, QUASI-LINEAR THEORY

Foraclass of nonlinear functionals that are relevant to a wide class of physical
problems, a representation theorem was provided by Friedman and Katz."®
Let Cdenote the class of bounded real-valued continuous functions defined in
‘0. Define the norm of a function f(x) C €by

||f||=m{lvx | f(x)] (5.1
Suppose that the functional F( /') is continuous and bounded with the norm
(5.1). It is additive in the sense that for two functions, { fi, 2} C C

F(fi + f2) = Fy(h) + Fe( f2) (5-2)

where Fp(f) = F(f+ g) — F(g) for { f.g} C € Under these conditions the
theorem of Friedman and Katz states that

F(f)= .L;K[f(x'),X’]dV(X’) (5.3



Downloaded by [Tomsk State University of Control Systems and Radio] at 02:56 23 February 2013

NONLOCAL CONTINUUM THEORY 333

We identify F with the free energy function and write
py =F= %fv (00" e i s 07,0, Yaa, ju) @V (54)

Since the total free energy of the body is given by

U =j; pdv = &f Sav'dy (5.5)
-0 2 V-0 JV-0
without loss in generality, we may assume that
*
=3 (5.6)

Using (5.4), and (5.6) in (4.20), (4.27) and (4.28) and (4.37), for the equilib-
rium parts of constitutive equations, we get

d
p Jv-, 30
Elki = ~ w8 — eMiryn (5.8)
0
T=— po-l; — (Z/p)av’ (5.9)
7
]
M = ﬂl; 9% 4 (5.10)
P Ju-o 9yn
fo=—Bof 22, (5.11)
P Jo_, i
(i)>
h=-— % euml;—a 3_"1; ridv' (5.12)
For the non-equilibrium parts
plik = ki — glui, (5.13)
DMKkl = Mk — My (5.14)

we need to write separate constitutive equations. For the incompressible
materials, X is independent of p’ and p and = is replaced by an unknown pres-
sure function p.

With the motion, molecular elements of liquid crystals change orientations.
This is affected by the change of the microinertia tensor ji; and the relative
directional vector r’ of centroids of molecules. Hence in the nonlocal theory,
two types of anisotropy are present—one is due to rotations of molecules (lo-
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cal and nonlocal) and the other is due to arrangements of relative locations of
distant molecules with respect to the molecule at x. This latter effect is a kind of
*nonlocal anisotropy’’ which should be small as compared to the local isotropy.

The condition (5.6) implies that % depends on ' through R = riri. Inview
of what has been said above, we replace this by R* = r’~r’ and develop a set of
constitutive equations which are linear in j, ¥, a and b. To this end, we write

3= 30+ SguYivu (5.15)
where
Skt = Stk + ZikimaUmn + Jmn) (5.16)

Here 3o, 3} and Sima are functions of p’', ', R’, p ' and 0 and they are
subject to the symmetry regulations

%= Zo So(p ", 0".R"; p',0),
S = Ekly = Siu(p’ 0. R" p',0),
Sk kimn = Eknjmn = 32kiem = Siuma(p’ ', 0,R"; p ', 0)
R'=r,r

(5.17)

The invariance of %, under rigid motions of the spatial frame of reference im-
plies that i and 3}um» are isotropic tensors, hence they can be constructed
solely by means of products of éx. After some manipulations and using the
symmetry conditions (5.17), we find that

Sy = [ + Satr (j + )16y 6k + Zs[(y + ji) O
+ (U + ju)by] + [ + Zs(trj + trj’ )18k bu
+ [Z6 + Zp(trf + trj’)18u by + Zs[(e + Jj) Ou
+ G+ ji)bu] + Zo(jit + ju)oix + Zwo(ix + jix)8a  (5.18)

where
*
3.=3.=307.0.R; p",0) (5.19)
The equilibrium parts of constitutive equations now read:
i) 82
_l; ( ° e w) @ (5.20)
Etd = — WO — gMir yri (5.21)

1
L [a(" 20) 4 6_. 3 z,,umw]dv (5.22)



Downloaded by [Tomsk State University of Control Systems and Radio] at 02:56 23 February 2013

NONLOCAL CONTINUUM THEORY 335

EMg =L_ Sikyjav (5.23)
: a3 9%y

fn==2 %L (‘,—R0 top ‘yijw) Fndv (5.24)

=0 (5.25)

We notice that the assumption made regarding the replacement of ¢’ by R’
resulted in vanishing nonlocal body couple, besides restricting the anisotropy
te the orientations of molecules. In view of the fact that nonlocal gravitational
couple is extremely small as compared to the couple of cohesive forces, this is
certainly permissible.

It remains to construct the constitutive equations for the nonequilibrium
part pt and pm. To simplify the matter, we assume that the dissipation due to
rotations of molecules are negligible as compared to that due to translatory
motions. This means that b is not a constitutive variable. This effect has been
neglected in all local theories (see our discussion in 10). The second law of
thermodynamics (4.31), in this case, implies that

om=10 (5.26)
The constitutive equations for pt, linear in j and a, read
plji =-£ arakdv’ 5.2
where -
okt = {[ar + aa(trj + trj’)]ou + as(ju + jir)} 8y
+ as(jy + ji) b + [as + as(trj + trj’)]8uda
+ [a7 + as(trj + trj’)]18udi + as(jie + jje)bu
+ awGo +Jji)dx + anCi + jji)dix + an(u +ja)én  (5.28)
If the Onsager relations are accepted, then
03 = a4, 09 = Q1o (5.29)
Viscosity moduli a, are subject to
a=a,= alp™ 0.k p.0) (5.30)

The axiom of objectivity is used to obtain (5.28). Of course, further restric-
tions to a, are made by the second law of thermodynamics (4.41) so that

L L ajuauagdvdv = 0 (5.31)
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must not be violated for all possible a. A set of sufficient conditions restricting
a, were provided in our work'® on local theory. These conditions may be used
here too. However, investigations of the necessary and sufficient conditions
for the fulfillment of (5.31) and that of non-negative free energy given by (5.5)
are much more elaborate.

6 DIRECTOR THEORY

Molecular elements of a large class of liquid crystals are thread-like. For such
liquid crystals, a great deal of simplification can be achieved by the introduc-
tion of the director concept. Suppose that Zx is the common direction of the
thread-like molecules at the natural state, then following our previous work,"
we may write

di = & = xexBx, Ex = xixde, didi =1

Vu‘-=¢ikd1-dkd°1+ Wi, V=dXd’+}VXV,

au = du+ didy — didi, bu = i

Yo = €kmndmdni, Jr = Io(8x1 — dudy)
. D
o= Dr (rivr). 6.1

where Iy is the microinertia (per unit mass) of an element about an axis
through the mass center, perpendicular to the long axis. As usual for the de-
formation tensor d, worticity tensor w and the operator (°), we have

da=Yitvia), wu=3i—vis), d= dy — wud, (6.2)

Employing (6.1) and (6.2) in the balance equations (3.1) to (3.5), and in con-
stitutive equations (5.20) to (5.26), we obtain the basic field equations of non-
local thread-like liquid crystals. The procedure is similar to our previous work
on local theory.

7 PASSAGE TO LOCAL THEORY

When the intermolecular forces are infinitesimally short range, the material
moduli ¥, and a, may be considered as Dirac delta distributions, e.g.

SR = Z%(|x’ — x]) (7.1

where X% are functions of p’™', 6’, p™ and 6. In this case, the volume integrals
can be carried out reducing the constitutive equations (5.20) to (5.27), to the
local forms given in our previous work'° on local theory. The thermodynamic
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restrictions for local theory were also studied in detail in Ref. 10. These restric-
tions can also be used for the nonlocal material moduli 3, and viscosities a,, as
sufficient conditions. The necessary conditions requires separate investigation.

8 NATURE OF NONLOCAL MODULI

It is well-known that the effect intermolecular forces rapidly diminish with
distance. Consequently, the material moduli 3, and a, must depend on |x’ — x |
orR’in such a way that as R’ becomes large as compared to an internal charac-
teristic length, a, (e.g. molecular distance, lattice parameter), the long-range
effects attenuate rapidly, leading to local theory. This rough physical idea is
embedded into the theory by the norm of functionals. It is known as the axiom
of attenuating neighborhood hypothesis (Eringen'®'’). This may be brought
into practice by selecting the moduli X, and a, in the form of functions that
attenuate rapidly with |x" — x|. For example, we may choose

3= 3% exp(—AR"*/a%) 8.1

where 29 a function of p’™, @', p and 6 and A a non-dimensional adjustable
parameter. Of course (8.1) must reduce to a Dirac-delta distribution in the limit
a— 0and

L E/30dv =1 (8.2)

Under these conditions in the limit asa@ — 0, the nonlocal theory goes to the
local theory. The situation here is similar to the case of nonlocal elasticity or
fluid dynamics (cf. 3 and 20).

It may be important to remark that the adjustable parameter A may be used
to fit the theory with atomic lattice theories or experimental results on molecu-
lar and atomic scales.

9 TWO-DIMENSIONAL PROBLEMS

When the displacement and rotation fields are independent of x3, consider-
able simplifications are achieved. In this case we have

vi = ni(xi,x2,t), v2=va(x1,x2,¢), =0
d = 0, 2= 0, ¢ = ¢(X|,X2,I) (9.1)

The flow is in the (x1, x2)-plane and only rotations about x3-axis is allowed.
From (2.9) and (2.10) we have

Y = dx3p, w = 6k3<i> 9.2)
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In order for plane flow to be possible, we must have
Ju=Ju=0 9.3)

which is possible if the molecular elements are located inthe (x;, x2)-plane and
have vanishing thickness in x;-direction (e.g. long axes of nematic rods are
confined to (xi, x2)-plane). Using (3.12) to (3.14), we find that

Ju=J% cos®* ¢ — (exmJmt + €im3Jim) sin ¢ cos ¢

+ fkaEInBJgnn Sinz b, ki1=1,2

Ty = 1% %4
Equations of motions (3.1), (3.3) and (3.5) become
p+pvi=0 9.5)
et p(fi=v)+pfi=0, kiI=12 9.6)
Mk + 1o — 1+ p(h — jis) =0 9.7

Where the stress tensor i, couple stress mys and the body force residual fiare
obtained by using (4.20), (5.21) to (5.24), (5.18), (5.28), (9.2) and (9.3). Hence

I = gt + pti (9.8)
My = pMyy = [006u + 01(Ju + ji)] ¢ 1dd’ 9.9)
-0
Eti = —mb— M3, (9.10)
plii =f anga;da 9.11)
(.
where ax;j is given by (5.28) and
a0 = X + Zo(trj + trj’) + Zi0(ss + jis), (9.12)
o1 = 3

All indices have the range (1,2). Within the realm of the linear constitutive
theory 7 and f; are given by

] -
1T=—po‘/; ﬁ(p 'Zo)da’, (913)
— P [ 8% ,
f=-2 -p— - W(x — x)da (9.14)

In the context of the two-dimensional theory we also have two-dimensional
non-locality which requires that the volume integrations over ‘U — ¢ is re-
placed by integrations over the (xi,x;)-plane (£ — o).
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The field equations for p, v and ¢ follow from (9.5) to (9.7) and (9.8) to (9.11)

p+ pvik=0, (9.15)
d
-7 — — {[oodx + 01(jkm + jim) bm]d,1 — anyajlda
a.Xk Q-0
+o(fi—m)+pfi=0 (9.16)

f[oo¢k+0|(jk1+1kl)¢l]da +f [oo(d2b,1 — )1 9,2)

axx
+ a1(a +j2) b1 — a1(ju + ji) P2
+ (any — any)ajldad + p(ls — jund) =0 (9.17)
where
aj = eu3¢> (9.18)

Given the state function 3o the set (9. 15)to(9.17) constitutes four integro-par-
tial differential equations for determination of four unknown functions p, vi
and ¢.

A Steady, plane shear flows

For steady plane shear flows, we have

vi=v(y), va=vi=0, ¢1=¢(y)
where we set x; = y. Consequently
d dv
Vi = k3 bn —¢, an = — Ox26n (9.20)
dy dy

Forincompressible fluids, we replace 7 with an unknown pressure p(x,t). If
body forces and couples are absent, then (9.16) and (9.17) simplify to:

i)
—p.i— 5 {loo + a1(J22 + j22) 29,262 — @21 V2 }dy!,  (9.21)

ay [00 + 01(J22 + j22)]1¢2dy° +f [—o1(jiz + ji2) 2.2

+ (o221 — anu)v2]dy’ =0 (9.22)

For / =2 (9.21) is integrated to give the pressure

P(x,y) = po(x) —f {loo + 01(j22 + j22) @ 20p.2 — a2anvi2}dy’ (9.23)
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and for / = 1 it gives

j: anuVady' = poxy + C (9.24)

where po(x) and C) are integration function and constant, respectively. Equa-
tions (9.22) and (9.24) are two integro-partial differential equations for the de-
termination of v and ¢.

In the case of thread-like elements selecting the same rectangular frame of
reference for both material and spatial coordinates, we have

IN=0, Jh=Jh=h, Jh=Jh=Js=0 (9.25)

and (9.4) gives
Ju=Josin® ¢, ju=Jocos’¢p, jiz=—Josingpcosed (9.26)
where ¢ is now the angle between the long axis of threads and the x-axis. Using

(9.26), (9.23), (9.24), and (9.22) may be expressed as:

p(x,y) = po(x) —f {[ 50 + s51(cos 2¢p + cos 2¢')] P2 9,2
+ Ao(sin 2¢ + sin 2¢")V2}dy’, (9.27)

f [M — Aa(cos 2¢p + cos 2¢')]V2dY’ = poxy + C, (9.28)

difm[So + s1(cos 2¢ + cos 2¢')] ¢ 2dy’ +fm [s1(sin 2¢
y -0 —00

+ sin 2¢')d2d2 + AV2]dY — poxy — C1 =0, (9.29)

where

5o = a0+ a1Jo = %6 + Jo(437 + 39 + 2 310).

si=dolo=1%U03,

Ao =3 Jo(as + awo + an),

M =ar+ Jo(das + an + an),

A2 =4 (au ~ an) Jo,

A=as+ Jo(das + 2as)

(9.30)

are functions of |y’ — y|.

B8 Twist waves
Here we consider propagations of twist waves in an ideal liquid crystal (in-
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compressible and inviscid) occupying (x, y)-plane. The rotation angle ¢ is as-
sumed to be small and the velocity v = 0. Suppose that a plane torsional dis-
turbance is imparted to the body propagating in y-direction. For instance,
such a disturbance can emanate from a vibrating wall at y = 0 to the liquid
crystal occupying the region y > 0. The effective nonlocality is in the
y-direction.

We have au; =0, f=f=1=0and

v=0 o¢=49(y) (9.31)
Equation (9.16) is integrated to determine the unknown pressure = = p, i.e.
P =Do +[: [ood2 + 01(ja2 + j22) 921,24 (9.32)
Equation (9.17) is linearized to read
f;[:a(ly—y’l)z—ﬁdy’*pJo':—tf=0 9.3
where
o(ly =y 1)=o00+2a1Jo (9.34)

In thelinearization of (9.17), we used (9.26) for the microinertia, which is valid
for liquid crystals having thread-like elements.

For one-dimensional non-locality, the following exponential kernel is
known to approximate intermolecular attenuation adequately.

k
o= po exp(—k|y —y'l) (9.35)

where uo is a material consiant. We note that this kernel is a delta-sequence
and it satisfies

f " ody = po 9.36)
Equation (9.33) now reads
9 ® k ==y d¢ az¢
<z = —dy — pJo—=0 9.37
ol A Gl (9:37)

By differentiating (9.37) twice, with respect to y, we obtain:

a* & k* &
2¢ 7 '3 _? +£ _025
ay*ot arr  plo 3y

=0 (9.38)
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FIGURE 1 Dispersion curve.
Ao = co2n/we

A plane-wave solution of this equation is given by
2
= ¢o exp[ i(Tﬂy + wt)] (9.39)
where the wave length A is determined by

A coll — (w/w:)]w™! (9.40)
2T

with
we = (uo/pJo)"*k (9.41)

From (9.40), it is clear that the twist-waves are dispersive. Moreover, they pos-
sess a cut-off frequency which is w = w,.. The dispersion curve is sketched in
Figure 1. The phase velocity c is given by

¢ = co[l — (w/w:)' 1% o< w 9.41)

Where co = (uo/pJo)"? is the phase velocity at the origin (infinite wave length).
It is interesting to note that if the nonlocality is absent (i.e. in the local the-
ory), (9.37) takes the form
3¢ ¢
Mo — — Jo—=0 (943)
ay? P10 5
which leads to non-dispersive twist waves with constant phase velocity co. The
dispersive nature of twist waves are well-known from experiments and solid
state considerations.
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